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ABSTRACT 
In the present  note  we consider  the numerica l  evaluat ion o f  integrals over st rongly  osci l lat ing 
functions of the type 
oo  
I ° fCx) Cx) & (1) 
where f(x) is periodic function and where the asymptotic behaviour of ~ (x) for large values 
1 ) with a i> 1. We show how the integral (1) can be c + O( l+a  of x is given by ~0 (x) ~ x a x 
transformed into a sum of two integrals, one of them being of the same type but with an 
asymptotic expansion for ~0 (x) given by 
c + O( 1 ), the other one being a proper integral ~0(x) ~ l+a  x2+a 
x 
I. INTRODUCTION 
In 1964, C. C. Grosjean introduced nine theorems 
permitting the transformation of certain types of 
integrals whose integrands consist of periodic and 
algebraic functions [1]. 
The theorem of interest for the present investigation 
can be expressed by the formula : 
a 
2 
? .  f(x) dx= 7r f f(x) cotgTrX dx (1) 
0 x a 0 a 
in which f(x) is an odd periodic function with 
period a and the integral on the left hand side is 
assumed to be convergent. 
In [2] the following extension of (1) is established: 
o¢ a 
f f(X)dx = 1 f fCx) ~'(a,x--)dx aE]l,o~[ 
0 x ~' a ° 0 a 
(2) 
in which ~ (s, b) represents the generalized zeta-func- 
tion, defined by : 
oo  
~" (s, b) = ~ 1 (3) 
n=0 (b + n)s 
Because we assume the left hand sides of (1) and 
(2) to be convergent (in the strict mathematical 
sense) it is clear that : 
f(0) = 0 
As a consequence the right hand sides of (1) and 
(2) represent proper integrals. 
In the present note we consider integrals of the type 
oo  
I = f f(x) ~0 (x) dx C 4) 
0 
under the following conditions :
i) I denotes a convergent integral (in the strict 
mathematical sense), 
ii) for relatively large values of x, ¢ (x) behaves like 
¢(x)= c_+0(1)  w i thaE] l ,~[  
x £g x . .a  
iii) f(x) is a periodic function with period a, 
iv) the integral 
oo  
j : f f(x) dx 
0 x °t 
converges in the strict mathematical sense. 
v) f(x) is an odd function in case a = 1. 
Let us still remark that the convergence of the in- 
tegral J (condition iv) implies f(0) = 0. 
H. TRANSFORMATION OF THE INTEGRAL I 
As soon as the above mentioned conditions are ful- 
filled the integral I can be written as the sum of the 
two integrals :
T " I=c  f(x) +/f(x)(~(x) ..... c )dx (5) 
0 x a 0 xa  
The second integral in the right hand side of (5) 
denotes an integral of  the type I. The non periodic 
part however behaves like 
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(x) ~ 0 ( -~+~)  for x-~ oo (6) 
As a consequence the integral 
oo 
11 = f f(x)(~0(x 7 - -~)dx  (7) 
0 x 
is more convergent than I, in so far that 11 can be 
approximated as a proper integral I i (u ) 
U 
c )dx a~[0,oo[ (8) f f(x)(~(x) l+a II(U) = 0 x 
As far as the first integral in the right hand side of 
(5) is concerned two cases have to be distinguished: 
i) a=!  
Making use of formula (17 one gets 
a 
f f(x)~0(x)dx =c lr f(x)cotg rrx dx 
0 a 0 a 
oo  
+ f f(~)(~(~) - £-7~ (9) 
0 x 
~) ~11,oo[ 
Applying (2) leads to the following expression 
a 
f f(x)~0(x)dx = c_~ f f(x)~(a, -~x )dx 
0 a a 0 a 
oo  
4- f £(x)C~o(x) - _@. )dx (10) 
0 x ,~ 
It is clear that both integrals in (9) and (10) result- 
ing from the application of formula (1) and (2) as 
well as 1 l(u) can be evaluated numerically by some 
standard numerical integration techniques for proper 
integrals. , 
The main idea of the present note can still be used 
to evaluate integrals of the type 
oo 
f qx) dx (11) 
0 
where 
f l  (x) + O(x_~+~) (12) f(x) = x I +----6- 
and with 
f l  (x 4" a) = f l  (x) for x E R -t" (13) 
IlL SOME EXAMPLES 
Example 1. 
As an application of (9) we consider the evaluation 
of 
R 1 = 7 sin x x dx (14) 
0 l _2acosx+ a 2 f12+x2 
for/3 = 0,5 and a = 0,5. 
By means of (9) R 1 is transformed as follows 
~r _ ~ f(x) f12 R1 = 1 j" f(x)cotg ~-  dx , dx 
0 ~ 0 x f12 +x 2 
(15) 
with 
f(x) = sin x (16) 
1 - 2acosx + a 2 
The numerical integration of the integrals appearing 
in the second member of (15) can easily be perform- 
ed by means of a standard integrator developed by 
R. Piessens [3]. The following results are obtained 
/ f  
_lf  sinx cotg x dx = 3.141592 (17) 
2 0 1-co--~x + 0,25 -2- 
The second integral in the right hand side of (15) 
gives successively 
if(x) ~ax  
0 x f12+x2 
Number of func- 
tion evaluations 
1.772984 
1.773996 
1.774112 
1.774140 
1.774151 
1.774156 
1.774157 
1.774159 
1.774160 
27r 105 
4 zr 147 
67r 273 
8 rr 231 
107r 441 
12~r 483 
14 lr 525 
16zr 357 
18zr 693 
As a final result for R 1 one obtains 
R 1 = 1,367432 
Error 
estimate 
0.2 E-7 
0.4 E-6 
0.1 E-5 
0.5 E-6 
0.1 E-6 
0.3 E-6 
0.8 E-6 
0.7 E-6 
0.6 E-6 
(18) 
Example 2. 
As an application of (10) we consider 
R 2 = j sinx x2-x + 1 dx (19) 
0 2+cos2x x2+x+l  xl ,1 
By means of (10) R 2 is cast into the form 
2~f(~)~(1.1, 
R2 = (2¢r) 1.1 
oo 
-2  .f f(x) 1 dx (207 
0 x2+x+l  x 0,1 
with 
f(x) = sinx 
2 + cos2x 
For the second term in the right hand side of (20) 
one successively obtains : 
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2zr 
47r: 
61r 
81r 
101r 
121r 
141r 
16,r 
181r 
f• sinx 1 " 
O.270543 
0.278301 
0.27993 
0.280511 
0.280781 
0.280927 
0.280146 
0.280708 
0.281109 
dx Number 
x0,1 of  func- 
tion eval 
uations 
189 
357 
441 
693 
735 " 
777 
861 
1029 
1029 
The first integral in the second member of  (20) 
bit more complicated ue to the presense of  the 
Riemann ~'-fimction. For evaluating the ~-function 
the integral representation 
1 T tz-1 e -q t  dt Re z>l  
~(z ,q )_  r ( z )  0 1 -e  -t  
Est -  
imat- 
ed 
er ror  
i -6 
D.7 E-6 
~.7 E-6 
[}.7 E-6 
9.5 E-6 
~.9 E-6 
C).9 E-6 
~.7 E-6 
C).2 E-5 
is a 
is approximated numerically. 
One obtains 
1 27r 
(2~.)1.1 0 f f (x )~(1 .1 ,~)dx  = 0,937552 
and as a final result for R 2 
R 2 = 0,375334 
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